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Introduction of Formula

In the early 18™ century James Stirling proved the
following formula:

n! _ /27Z_nn+1/ze—n+6’/12n

Forsome ()< @<
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In the early 18™ century James Stirling proved the
following formula:

n! _ /27Z_nn+1/ze—n+6’/12n

Forsome ()< @ <]

This means thatas n — o

n!N /272_nn+1/2e—n
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Convex Functions

A function f(x) 1s called convex on the interval (a,b)
if the function

¢(X1,X2) _ f (Xl) — f (Xz)

X1 =%

Is a monotonically increasing function of x, on the
interval



Convex Functions

A function f(x) 1s called convex on the interval (a,b) if
the function

¢(X1,X2) _ f (Xl) — f (X2)

X1 =%

Is a monotonically increasing function of x on the
interval

2 .
Ex: X" 1s convex

X is not convex on the interval (-1,0)



Convex Functions - Properties

If f(x) and g(x) are convex then f(x)+g(x) 1s
also convex

If f(x) 1s twice differentiable and the second
derivative of f 1s positive on an interval,
then f(x) 1s convex on the interval



Log Convex Functions

A positive-valued function f(x) is called log convex on
the interval (a,b) if the function  In f(x) 1S convex
on the interval.



Log Convex Functions

A positive-valued function f(x) is called log convex on
the interval (a,b) if the function  In f(x) 1S convex
on the interval.

2 .
Ex: e* is log convex



Log Convex Functions -
Properties

The product of log convex functions is log
convex



Log Convex Functions -
Properties

The product of log convex functions 1s log convex

If {(t,x) 1s a log convex function twice differentiable in
X, for t in the interval [a,b] and x 1n any interval then

b
ja f(t,X)dt s alog convex function of x



Log Convex Functions -
Properties

The product of log convex functions 1s log convex

If {(t,x) 1s a log convex function twice differentiable in
X, for t in the interval [a,b] and x 1n any interval then

b
ja f(t,X)dt s alog convex function of x

b
Ex: je_t’[x_ldt is log convex
a
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The Gamma Function

An extension of the factorial to all positive real
numbers 1s the gamma function where

I(X) = jow e 't 'dt



The Gamma Function

An extension of the factorial to all positive real
numbers 1s the gamma function where

I(X) = jow e 't 'dt

Using integration by parts, for integer n

I'(n)=(n-1)!



The Gamma Function -
Properties

 The Gamma function 1s log convex

the integrand is twice differentiable on [0,0)



The Gamma Function -
Properties

 The Gamma function 1s log convex

the integrand is twice differentiable on [0,0)

* And  T(1)=[e'dt=1
0



The Gamma Function -
Uniqueness

Theorem: If a function f(x) satisfies the
following three conditions then it 1s
1identical to the gamma function.
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The Gamma Function -
Uniqueness

Theorem: If a function f(x) satisfies the
following three conditions then 1t 1s
1dentical to the gamma function.

(1) f(x+1) = f(x)
(2) The domain of f contains all x>0 and {(x)
1s log convex



The Gamma Function -
Uniqueness

Theorem: If a function f(x) satisfies the
following three conditions then 1t 1s
1dentical to the gamma function.

(1) f(x+1) = f(x)

(2) The domain of f contains all x>0 and {(x)
1s log convex

(3) f(1)=1



The Gamma Function -

Uniqueness

Proof: Suppose {(x) satisfies the three
properties. Then since f(1)=1 and
f(x+1)=x1(x), for integer n>2,

f(x+n)=(x+n-1)(x+n-2)...(x+1)xf(x)
f(n) = (n-1)!



The Gamma Function -

Uniqueness

Proof: suppose 1(x) satisfies the three
properties. Then since f(1)=1 and
f(x+1)=x1(x), for integer n > 2,

f(x+n)=(x+n-1)(x+n-2)...(x+1)xi(x).

f(n) = (n-1)!

Now 1f we can show I'(x) and {(x) agree on

[0,1], then by these properties they agree
everywhere.



The Gamma Function -

Uniqueness

By property (2) {(x) 1s log convex, so by definition of
convexity

Inf(-1+n)—Inf(n) _Inf(x+m-Inf(n) _Infd+n)—Inf(n)
(-=1+n)—n B (X+n)—n B (1+n)—n




The Gamma Function -

Uniqueness

By property (2) {(x) 1s log convex, so by definition of
convexity
Inf(-1+m-Inf(n) _Inf(x+n)-Inf(n) _InfQ1+n)-Inf(n)
(—=1+n)—n (X+n)—n (I+n)—n
In f(X+n)—In(n—1)!
X

<Ilnn

In(n—1) <



The Gamma Function -

Uniqueness

By property (2) {(x) 1s log convex, so by definition of
convexity
Inf(-1+m-Inf(n) _Inf(x+n)-Inf(n) _InfQ1+n)-Inf(n)

(—=1+n)—n (X+n)—n (I+n)—n
— —1)!
ln(n_l)glnf(x+n) In(n-1! _,
X

In[((n=D*(n—=D!]<In f(x+n)<In[n*(n—-1)!]



The Gamma Function -

Uniqueness

By property (2) {(x) 1s log convex, so by definition of
convexity
Inf(-1+m-Inf(n) _Inf(x+n)-Inf(n) _InfQ1+n)-Inf(n)

(—=1+n)—n (X+n)—n (I+n)—n
— —1)!
ln(n_l)glnf(x+n) In(n-1! _,
X

In[((n=D*(n—=D!]<In f(x+n)<In[n*(n—-1)!]

The logarithm 1s monotonic so

(n—-1)"(n-D!'< f(x+n)<n*(n—1)!



The Gamma Function -
Uniqueness
Since f(x+n)=x(x+1)...(x+n-1){(x) then

(n—=D*(n=D!I<x(x+1)...x+n=-1Df(x)<n"(n-1)!



The Gamma Function -
Uniqueness
Since f(x+n)=x(x+1)...(x+n-1)f(x) then
(=1 (N =D X(X+1)...(x+n=1) F(X) <n*(n=1)!

n“(n—1)! _ n'nl(x+n)

(n-1)*(n-1)!
X(X+1)...(X+n-1) < f (X) <

X(X+1)..(X+n=1)  X..(X+n)n



The Gamma Function -
Uniqueness
Since f(x+n)=x(x+1)...(x+n-1)f(x) then
(N=1* (N=)< XX+ 1)..(x+n=1) F(X) <n*(n=1)!

n“(n—1)! _ n'nl(x+n)
X(X+1)..(X+n=1)  X..(X+n)n

—-1)*(n-1)!
(n=-D7(n ))Sf(X)S

X(X+1)...(X+n-1

Since this holds for n > 2, we can replace n by n+1 on
the right. Then

n’n! < fix) < n“n!(x+n)

X(X+1D)...(x+n) ~ X(X+1)...(x+n)n




The Gamma Function -
Uniqueness

This simplifies to

n nn!
FO0 X+n : X(X+1)...(X+n) < 1)




The Gamma Function -
Uniqueness

This simplifies to

n nn!
FO0 X+n : X(X+1)...(X+n) < 1)

As n goes to infinity,

: n*n!
f0=lim X(X+1)..(X+1)



The Gamma Function -
Uniqueness

This simplifies to

n nn!
FO0 X+n : X(X+1)...(X+n) < 1)

As n goes to infinity,

f00=1; n*n!
— lmn X(X+1)...(X+n)

Since Gamma(x) satisfies the 3 properties of the
theorem, then it satisfies this limit also.

Thus I'(x) = {(x)
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Stirling’s Formula

Goal: Find upper and lower bounds for I'(x)



Stirling’s Formulas

Goal: Find upper and lower bounds for I'(x)
From the definition of e, for k=1,2,...,(n-1)

(1+1/k) <e<(1+1/k)*!



Stirling’s Formulas

Goal: Find upper and lower bounds for Gamma(x)
From the definition of e, for k=1,2,...,(n-1)

(1+1/k) <e<(1+1/k)*!

Multiply all of these together to get

n n-1, N — 1 n-2 n-1 n n,N— 1 n-1
— —) .2 < (—) (—) ...
() (")



Stirling’s Formula
Simplifying,

en"e" <nl<en"e™
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Simplifying,
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Stirling’s Formula
Simplifying,
en"e" <ni<en™e™

=en"e""<T(n+1)<en™e™

Guess a function to approximate I'(x)

f (X) _ Xx—1/2e—xey(x)



Stirling’s Formula

l(x) must be chosen so that
(1) f(x+1)=xf(x)

(2) 1(x) 1s log convex

(3) 1(1)=1



Stirling’s Formula

l(x) must be chosen so that
(1) f(x+1)=xf(x)

(2) 1(x) 1s log convex

(3) 1(1)=1

(1) Is equivalent to f(x+1)/f(x)=x



Stirling’s Formulas

Simplifying f(x+1)/f(x) gives

(1 + l/X)X—i-l/Ze—le,u(X—i-l)—,u(X) — X



Stirling’s Formulas

Simplifying f(x+1)/f(x) gives
(1 i l/X)x+1/2e—le,u(x+1)—y(x) — X

= u(X+1)—u(X)=(x+1/2)In(1+1/x)—-1=g(x)



Stirling’s Formulas

Simplifying f(x+1)/f(x) gives
(1 4 l/x)x+1/ze—1ey(x+1)—y(x) — X

= u(X+1)—u(X)=(x+1/2)In(1+1/x)—-1=g(x)

Then (%) = i g(x+n)  satisfies the equation

ig(x+n+1)—ig(x+n): g(Xx)



Stirling’s Formula

Consider the Taylor expansion
e . 1
ampm Yo Y Y Y L with  y=
l-y- 1 3 5 2x+1




Stirling’s Formula

Consider the Taylor expansion
e . 1
ampm Yo Y Y Y L with  y=
l-y- 1 3 5 2x+1

: + ! Tt
2X+1  3(2x+1)

= 1/2In(1+1/x) =




Stirling’s Formula

Consider the Taylor expansion
e . 1
ampm Yo Y Y Y L with  y=
l-y- 1 3 5 2x+1

1 1

= 1/2In(1+1/X) = + Tt
2X+1  3(2x+1)

1 1

1/2)In(1+1/X) =1 = g(x) =
= Ol L) =1 =000 =2 sk




Stirling’s Formula

Consider the Taylor expansion
e . 1
ampm Yo Y Y Y L with  y=
l-y- 1 3 5 2x+1

1 1

= 1/2In(1+1/X) = + Tt
2X+1  3(2x+1)

1 1

1/2)In(1+1/X) =1 = g(x) =
= Ol L) =1 =000 =2 sk

Replacing the denominators with all 3’s gives

1
+ +...
32x+1)° 302x+1)*

g(x) <



Stirling’s Formula

g(x) 1s a geometric series, thus

1 1 1

90 = 3o 1o %2)( L1y T12X 12(x+1)



Stirling’s Formula

g(x) 1s a geometric series, thus

1 1 1
32 +1)° 1_%2)( o 12x 12(x+1)
_I_

g(x) <

1

HX) = Zg(x+ )< Z(12(x+ n) 12(x+n +1))



Stirling’s Formula

g(x) 1s a geometric series, thus

1 1 1

1
g(x) < =——-

3(2x+1)21—%2x+)2 12X 12(x+1)
1

HX) = Zg(x+ M= Z(12(x+ n) 12(x+n +1))

_ b

12X



Stirling’s Formula

Since g(x) 1s positive then 0< u(X)< %
X



Stirling’s Formula

Since g(x) 1s positive then 0< u(X)< %
X

= 0=
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Stirling’s Formula

Since g(x) 1s positive then 0< u(X)< %
X

= 0=

12x forsome 0<6@<I
For property (2) we need to show (x) 1s log convex



Stirling’s Formula

Since g(x) 1s positive then 0< u(X)< %
X

0
— y(x):a forsome 0<6@<I1

For property (2) we need to show (x) 1s log convex

This means In f(x):(x_l)lnx—x+y(x)
must be convex. 2



Stirling’s Formula

1(X) 1s convex because g(x) 1s the sum of convex
functions



Stirling’s Formula

1(X) 1s convex because g(x) 1s the sum of convex
functions

(X—1/2)InX— X 1is convex since its second

1 1

derivative . + % 1s positive for positive X.




Stirling’s Formula

1(X) 1s convex because g(x) 1s the sum of convex
functions

(X—1/2)InX— X 1is convex since its second

1 1

derivative . + % 1s positive for positive X.

Thus f(x) 1s log convex.



Stirling’s Formulas

For property (3) we need f(1)=1 so that
F(X) _ aXX_l/ze_X+9/12X



Stirling’s Formulas

For property (3) we need f(1)=1 so that
F(X) _ aXX_l/ze_X+9/12X

Consider the function

h(X) =2Xr(x/2)r(xz”)




Stirling’s Formulas

For property (3) we need f(1)=1 so that
F(X) _ aXX_l/ze_X+9/12X

Consider the function

h(X) =2Xr(x/2)r(xz”)

h(x) 1s log convex since the second derivative of In2*

1s nonnegative and the gamma function 1s log convex.



Stirling’s Formula

h(X +1) :2X“F(XT+1)F(X/2 +1)



Stirling’s Formula

h(X +1) =2X+1F(XT“)r(x/2 +1)

X X+ 1
=22 (x/2)I"(——
5 (X/2)I( 5 )



Stirling’s Formula

h(X +1) :2X“F(XT+1)F(X/2 +1)

X X+ 1
=22 (x/2)I"(——
5 (X/2)I( 5 )

= h(x+1) = xh(x)



Stirling’s Formula

h(X +1) :2X“F(XT+1)F(X/2 +1)

X X+ 1
=22 (x/2)I"(——
5 (X/2)I( 5 )

= h(x+1) = xh(x)

This means h(x) satisfies properties (1) and (2) of
the uniqueness theorem, thus

h(X) = a,['(X)  for some constant a,



Stirling’s Formula

Setting x=1 gives

h(1)=2T(1/2)T(1) =a,[ (1)



Stirling’s Formula

Setting x=1 gives
h(1)=2T"(1/2)I'(1) =a,I'(1)
—a, =2I(1/2)I'(1)



Stirling’s Formula

Setting x=1 gives
h(1)=2T"(1/2)I'(1) =a,I'(1)
—a, =2 (1/2)I'(1)
Using the limit equation for the gamma function

n3/2n!22n+1

20(1/2)P(1) =2 lim
e (2n+2)!




Stirling’s Formula

] 2A~2n
2, = 21im 1) 2
oo (2n)In'?




Stirling’s Formula

. (n1)?2°"
a2:211m( ) —
n—x (2n)!In
22N+l 4-2n426,/120

9 1; [a’n’"e ™ e 12°"
n_gn [a(zn)znﬂ/ze—zne@z/mn ]nl/z



Stirling’s Formula

. (nhH)?2*"
a2:211m( ) —
n—x (2n)!In
[ 2..2n+1 ~—-2n 201/12n]22n

H1; a’n’"e "e
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Stirling’s Formula

. (nhH)?2*"
a2:211m( ) —
n—x (2n)!In
[ 2..2n+1 ~—-2n 201/12n]22n

H1; a’n’"e "e
n_gn [a(zn)znﬂ/ze—zne@z/mn ]nl/z

. 20./12n-6, /24
—a+/2 lime-%/ " en

N—o0

—a,=2I(1/2)=a2



Stirling’s Formula

. (n1)?2°"
a2:211m( ) —
n—x (2n)!In
22N+l 4-2n426,/120

9 1; [a’n’"e ™ e 12°"
n_gn [a(zn)znﬂ/ze—zne@z/mn ]nl/z

. 20./12n-6, /24
—a+/2 lime-%/ " en

N—o0

—a,=2I(1/2)=av2 =a=+2[(/2)=27



Stirling’s Formula

Substituting a in the formula for f gives Stirling’s
final result:

n! _ /27Z_nn+1/2e—n+9/12n

forsome (<@ <1
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