18.04 Recitation 9
Vishesh Jain

1. Evaluate I, = [~ —

-0 [4x4

Ans: Example 9.4 in the notes.

dx.

2 1
0  2-sin@

2. Evaluate I, =

Ans: We begin by writing z = €', so that dz = ie?df = izdf. Also, sinf = em_zf_m =

- . 1 1
22 221' . Making these substitutions, we get

I, = / S / S dz
? lz|=1 4i — (z - z—l) iz zj=1 4iz — (22 = 1)

1 _ 1
—4iz -1 (z—i2+ \/5))(2 —i(2- \/5))

Let
f(z)=-

Then,

o
Il

2 f(z)dz

lz|=1

= 2X2miX Z residues of f inside the unit circle.

f has simple poles at i(2 + \/— 3) and i(2 — \/— 3). Only the second one is 1n51de the unit
circle. Moreover, the residue at this pole is equal to — Therefore,

(i(2- \/') i2+v/3) 21\/'
1, =2x//3.

3. Evaluate I, = [, (sin 0)>'d6.

Ans: Making the same substitutions as for /,, we get that
2 2n
z-—1
I = / oD,
|z]=1 22nj2n+1 z2n+1

B (ZZ _ 1)2n
f(z) = 22nj2n+1 Z2n+1"

Let

Then, by the residue theorem,

I; =2ni Z residues of f inside the unit circle.



f(z) has a pole of order 2n + 1 at 0. The residue at this pole is given by

h7(0)
22ni2n+1(2n)! >

where h(z) = (z*—1)*". Since h®"(0)/(2n)! is precisely the coefficient of z**, the binomial
theorem gives that 2®(0)/(2m)! = (*)(=1)" = (*")i*".

From this, it follows that the residue is equal to

2n -n
G @ @y
22l (p1)222nj  (Qnpl)2i’

and hence,
_ 2x(2n)!

3T @y’

4. Evaluate I, = /|7 %.

Ans: Example 9.8 in the notes.
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