Topic 9 Notes
Jeremy Orloff

9 Definite integrals using the residue theorem

9.1 Introduction

In this topic we’ll use the residue theorem to compute some real definite integrals.
b
/ f(x)dx
a

1. Find a complex analytic function g(z) which either equals f on the real axis or which is closely
connected to f, e.g. f(x) = cos(x), g(z) = €%,

The general approach is always the same

2. Pick a closed contour C that includes the part of the real axis in the integral.

3. The contour will be made up of pieces. It should be such that we can compute / g(z)dz over

each of the pieces except the part on the real axis.
4. Use the residue theorem to compute / g(z)dz.
c

5. Combine the previous steps to deduce the value of the integral we want.

9.2 Integrals of functions that decay

The theorems in this section will guide us in choosing the closed contour C described in the intro-
duction.

The first theorem is for functions that decay faster than 1/z.

Theorem 9.1. (a) Suppose f(z) is defined in the upper half-plane. If thereisana > 1and M > 0
such that

1f(2)] < 2

|z|

for |z| large then

R—

lim f(z)dz=0,
CR
where Cp, is the semicircle shown below on the left.

Im(z)

Cr

Cr

Re(z)
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Semicircles: left: Re”?,0< 0 <z right: Re’?, 7 < 0 < 2x.
(b) If f(z) is defined in the lower half-plane and
M
< -—,
@l <
where a > 1 then
hm f(z)dz =
CR

where Cp, is the semicircle shown above on the right.

Proof. We prove (a), (b) is essentially the same. We use the triangle inequality for integrals and the
estimate given in the hypothesis. For R large
/ M rag =Mz
Ra-1

F@Ildzl < /
CR
The next theorem is for functions that decay like 1/z. It requires some more care to state and prove.

f(2)dz| <

Cr

Since a > 1 this clearly goes to 0 as R — c0. QED

Theorem 9.2. (a) Suppose f(z) is defined in the upper half-plane. If there is an M > 0 such that

lf(2)] < ﬁ

for |z| large then for a > 0

lim / f(2)e'*dz =0,
X170, X7 J o +Cy+C,

where C; 4+ C, + Cj is the rectangular path shown below on the left.

Im(z) C . Im(z) - Re(s)

i(xl —+ $2)

Cg' N Cl

N

Re(2)

iy T —i(x1 + x2) Cy

Rectangular paths of height and width x; + x,.
(b) Similarly, if a < 0 then

lim / f(2)e'%*dz =0,
X1 =00, Xy —>00 C,+Cy+Cy

where C| + C, + Cj is the rectangular path shown above on the right.
Note. In contrast to Theorem 9.1 this theorem needs to include the factor e9=.

Proof. (a) We start by parametrizing C;, C,, C;.

Ci: y1(®) =x +it, t from 0 to x; + x,
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Cz: )/z(t) =t+ i(xl + x2), t from X1 to —Xy

Cs: 73(t) = —x, +it, t from x| + x, to 0.
Next we look at each integral in turn. We assume x; and x, are large enough that

If) <M
2]

on each of the curves C '

f(2)e' % dz
G

s/ |f<z>e’“||dz|s/ M, oz 14
c c |zl

X1+Xx,
/ M |eiaxl—at| dt
0 A /x% + 12
M X1+x,

X1 Jo

_M,_ e a2y /g,
X1

e dt

IA

Since a > 0, it is clear that this last expression goes to 0 as x; and x, go to co.

f(2)e'“dz
G

< [ 1ree a2 < / M oz 14
o c |zl
X1

|eiat—a(x1+x2)| dt
24 (x) + x,)?

—a(x;+x,) [X1+X2
S ]\46—/ dt
X1 + Xy 0

< Me—a(xl +X;)

Again, clearly this last expression goes to 0 as x; and x, go to co.
The argument for Cj is essentially the same as for C;, so we leave it to the reader.

The proof for part (b) is the same. You need to keep track of the sign in the exponentials and make
sure it is negative.

Example. See Example 9.16 below for an example using Theorem 9.2.

9.3 Integrals / and /
—00 0

Example 9.3. Compute
[So]
1= / S dx.
—oo (14 x2)?
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Solution: Let
f(2)=1/(1+ 222
It is clear that for z large
fz)~1/z*

In particular, the hypothesis of Theorem 9.1 is satisfied. Using the contour shown below we have,
by the residue theorem,

/ f(z2)dz =2ni Z residues of f inside the contour. (D)
C+Cp
Im(z)
Cr
)
5 R
"R G 7 )

We examine each of the pieces in the above equation.

/ f(z)dz: By Theorem 9.1(a),
Cr

R— o0

lim/ f(z2)dz = 0.
Cr

f(z)dz: Directly, we see that
<

R 00
lim/ f(z)dz = lim/ f(x)dxz/ fx)dx=1.
R—> el R-o J_p —
So letting R — o0, Equation 1 becomes

1= / f(x)dx =2ri Z residues of f inside the contour.
—0o0

Finally, we compute the needed residues: f(z) has poles of order 2 at +i. Only z = i is inside the
contour, so we compute the residue there. Let

2 __1
g(z) =(z—-1i)"f(2) T
Then
Res(f.1) = g/(1) = ——— =
’ (2i)3  4i
So,

I=27riRes(f,i)=.
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|
I = dx.
/_oo xt+1

Solution: Let f(z) = 1/(1 4+ z*). We use the same contour as in the previous example

Example 9.4. Compute

Im(z)
Cr
e1'371'/4 e1'7r/4
> R
R, o Re)
As in the previous example,

lim f(z2)dz=0

R—> o0 C
R

and

lim f(z)dz:/oof(x)dx=l.
R—o0 c —c

So, by the residue theorem

I = lim f(z2)dz =2ri 2 residues of f inside the contour.
R=o Jovcy

The poles of f are all simple and at

ei;z'/4’ Ci3”/4, ei57r/4, ei77r/4‘

Only e/”/* and ¢/37/* are inside the contour. We compute their residues as limits using L’Hospital’s
rule. For z; = e/™/4 :
. . Z—2z 1 e—i37r/4
Res(f.20) = Jim (2 =20/ @) = i = = i 5 = 2o ==
and for z, = e/3%/4 :
R _ )= fim 2222 o L= ] _emin/4
eS(f, Z2) - anle(z - ZZ)f(Z - ZLHZIZ 1+ Z4 - ZLHZIZ E - 461'97[/4 - 4

So,

“1—i 1-

' '>=2m-<_

1
42 42

|5

I =2mi(Res(f, z;) + Res(f, z,)) = 2xi (

Example 9.5. Suppose b > 0. Show

/°° cos(x) meb
dx = .
0o x24+b2 2b
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Solution: The first thing to note is that the integrand is even, so

I_l © cos(x)
T2 X2+ 2

Also note that the square in the denominator tells us the integral is absolutely convergent.

We have to be careful because cos(z) goes to infinity in either half-plane, so the hypotheses of The-
orem 9.1 are not satisfied. The trick is to replace cos(x) by e’~, so

~ o eix 1 ~
I= / 5 _dx, with I==Re().
oo X2+ D2 2

Now let

For z = x + iy with y > 0 we have
|ei(x+iy)| B e~V

z)| = = )
/)] |z2 + b2 |22+ b?|

Since e7¥ < 1, f(z) satisfies the hypotheses of Theorem 9.1 in the upper half-plane. Now we can
use the same contour as in the previous examples

Im(z)
Cr
ib
> R
"R, o el
We have
lim f(z2)dz=0
R—-0 Cp
and

lim / f(z)dz=/°o fx)dx=1.
R— Cl —oo

So, by the residue theorem
I= Igim f(z)dz =2rxi 2 residues of f inside the contour.
—oJo+cg

The poles of f are at +bi and both are simple. Only bi is inside the contour. We compute the residue
as a limit using L’ Hospital’s rule

. . . eiz e—b
Res(f.bi) = lim (= - bi)*—s = .
So,
me~b

I =2xiRes(f, bi) =
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Finally,

N —b
I=1Reh=2",
2 2b

as claimed.

Be careful when replacing cos(z) by €'? that it is appropriate. A key point in the above
example was that I = % Re(I). This is needed to make the replacement useful.

9.4 Trigonometric integrals

The trick here is to put together some elementary properties of z = e’? on the unit circle.

1. e =1/z.
T) +1
2 cos(o) = ot At 1/z
2 2
. el —e-i0  z—1/z
sin(6) 2 2i

We start with an example. After that we’ll state a more general theorem.

/271' do
o l+a2—2acos(d)

Solution: Notice that [0, 27] is the interval used to parametrize the unit circle as z = e/?. We need
to make two substitutions:

Example 9.6. Compute

Assume that |a| # 1.

+1
cos(9) = 2+ 1/z
2
. i0 dz
dz=ie"dl0 & df=—
iz

Making these substitutions we get

. /271' do
o 1+a?—2acos(9)

_/ ! L4z
Iz|=1 1+a2—2a(z+1/z)/2 iz

= / ! dz
z]=1 i((1 + a®)z —a(z2 + 1))
So, let
1

J@) = i(14+a>)z—a(z2+1)

The residue theorem implies

I =2ri Z residues of f inside the unit circle.
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‘We can factor the denominator:

1
ia(z—a)(z—1/a)

f(z)=
The poles are at a, 1/a. One is inside the unit circle and one is outside.

If |a| > 1 then 1/a is inside the unit circle and Res(f,1/a) = ﬁ
as —
1

If |a| < 1 then a is inside the unit circle and  Res(f, a) = ﬁ
i(l1-—a

2 .
- 1f|a| >1
I = {azﬂl

2 iffa < 1

We have

The example illustrates a general technique which we state now.

Theorem 9.7. Suppose R(x, y) is a rational function with no poles on the circle
x? + y2 =1

then for

1 z+1/z z—-1/z

we have

2z
/ R(cos(0),sin(0)) dO = 2ri Z residues of f inside |z| = 1.
0
Proof. We make the same substitutions as in Example 9.6. So,

2r
/ R(cos(e),sin(e))doz/ R(”l/z,z_VZ) dz
0 |z]=1 2 2i 1z

The assumption about poles means that f has no poles on the contour |z| = 1. The residue theorem
now implies the theorem.

9.5 Integrands with branch cuts

Example 9.8. Compute

o _1/3
=/ X dx.
0 1+ x2

Solution: Let

1/3
x
x) = .
f@x) 1+ x2
Since this is asymptotically comparable to x~5/3, the integral is absolutely convergent. As a complex
function
Z1/3

&=z



9 DEFINITE INTEGRALS USING THE RESIDUE THEOREM 9

needs a branch cut to be analytic (or even continuous), so we will need to take that into account with
our choice of contour.

First, choose the following branch cut along the positive real axis. That is, for z = re’ not on the
axis, we have 0 < 6 < 2x.

Next, we use the contour C| + Cx — C, — C, shown below.

Im(z)

Contour around branch cut: inner circle of radius r, outer of radius R.

We put convenient signs on the pieces so that the integrals are parametrized in a natural way. You
should read this contour as having r so small that C; and C, are essentially on the x-axis. Note well,
that, since C; and C, are on opposite sides of the branch cut, the integral

/ f(z)dz # 0.
C,-C,

First we analyze the integral over each piece of the curve.
On Cg: Theorem 9.1 says that
lim f(z)dz=0.
R— o0 Cx

On C,: For concreteness, assume r < 1/2. We have |z| = r, so

20 AR

A T

Call the last number in the above equation M. We have shown that, for small r, | f(z)| < M. So,

/ f(z)dz
c

r

2 2
S/ |f(rei0)||irei9|d9§ Mrd0 =2nMr.
0 0

Clearly this goes to zero as r — 0.
On C;:

r_)ol’igtp_)oo/c1 f(z)dz=/0 fo)dx=1.

On C,: We have (essentially) 8 = 2z, so z1/3 = e27/3|z|1/3 . Thus,

oo
lim / f(Z) dz = ei275/3/ f(X) dx = ei27r/3I'
G 0

r—0, R>o0
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The poles of f(z) are at +i. Since f is meromorphic inside our contour the residue theorem says
/ f(z)dz =2mi(Res(f,i) + Res(f, —i)).
C,+Cr—C,—C,

Letting r — 0 and R — oo the analysis above shows

(1 — 273 [ = 2xi(Res(f, i) + Res(f, —i))

All that’s left is to compute the residues using the chosen branch of z!/3

_n1/3 3r/2\1/3 —in
Res(f,—i)=( l), = : et L
—2i 2ei3n/2 2 2
) i1/3 eilr/6 e—in’/3
Res(f.1) = i T 2ein2 2

A little more algebra gives

—1+4ein/3

> = 7i(=1 4+ 1/2 — iV/3/2) = —ziei™/3.

(1 =%/ =27 -

Continuing

I = —ﬂieiﬂ/3 _ i _ 75/2 _ 7'[/2 —L
T 1_e2n/3  gnl3_enil3  (ein3 —e-in/3))2i  sin(x/3) V3

Whew! (Note: a sanity check is that the result is real, which it had to be.)
Example 9.9. Compute

I=/OOL
I xyvx2-1

Solution: Let |
f(2)= ———

zVz2 -1

The first thing we’ll show is that the integral

/oof(X)dx
1

is absolutely convergent. To do this we split it into two integrals

/ ® dx _ / > dx + / ® dx
Loxyxz-1 Ioxyxz2—-1 72 xyx2-1
The first integral on the right can be rewritten as

2
I dx

/2 1 1 /21 2
. dx < —_. = 2 \/x—
UoxvVx+1 Vx—1 1 V2 Ax—1 V2

This shows the first integral is absolutely convergent.

1

1
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The function £ (x) is asymptotically comparable to 1 /x2, so the integral from 2 to o is also absolutely
convergent.

We can conclude that the original integral is absolutely convergent.

Next, we use the following contour. Here we assume the big circles have radius R and the small
ones have radius r.

Im(z)

We use the branch cut for square root that removes the positive real axis. In this branch
O<arg(z) <27 and 0< arg(\/E) <.

For f(z), this necessitates the branch cut that removes the rays [1, co) and (—o0, —1] from the com-
plex plane.

The pole at z = 0 is the only singularity of f(z) inside the contour. It is easy to compute that

Res(f,0) = L = 1 = —i.

\/__1 i

So, the residue theorem gives us

/ f(z)dz =2rxiRes(f,0) =2x. 2)
C}+C,—C3—Cy+C5—Cy—C7+Cq

In a moment we will show the following limits

lim f(z)dz = lim/ f(z2)dz=0
R—> C R—> Cs

lim/ f(z)dz=lim/ f(z)dz = 0.
r—0 G r—0 fe3

‘We will also show

li = 1
R—»c}or,r}'—>0 /;2 f(Z) dz R—><:ol,1}’—>0 ~/—C4 f(Z) dz

R—)olor,l}'—>0 '/_Cﬁ f(Z) dz R—>01012—>0 LS f(Z) dz
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Using these limits, Equation 2 implies 41 = 2z, i.e.

All that’s left is to prove the limits asserted above.

The limits for C; and Cs follow from Theorem 9.1 because

|f(2)] ~ 1/]z]32

for large z.

We get the limit for C; as follows. Suppose r is small, say much less than 1. If

z=—1+re?

is on Cj then,

lf(2)] =

where M is chosen to be bigger than

1 1 M
1z2Vz—1Vz+ 1] | =1+re|\/|=2+ref|\r

1
| — 1+ refy/| =2+ re|

for all small r.

Thus,
f(z)dz

G

s/ Mgz <M
¢ \/r Vr

This last expression clearly goes to 0 as r — 0.
The limit for the integral over C; is similar.

We can parameterize the straight line Cy by

zZ=X+Ie,

2xr =2 M \/;

12

where € is a small positive number and x goes from (approximately) 1 to co. Thus, on Cg, we have

arg(z2 —1)~0 and f(z)~ f(x).

All these approximations become exact as r — 0. Thus,

R_)loiol?lr_“)/cgf(z)dz=/1 f)dx=1.

We can parameterize —Cg by
z=x—le

where x goes from oo to 1. Thus, on Cg, we have

arg(z2 - 1)~ 2,
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N
V22 -1~ -Vx2-1.
This implies
1
f@ R ———==—-f(x).
xVxz—1
Thus,
1 o0
lim / f(z)dz:/ —f(x)dx:/ f)dx=1.
R—>o0,r—0 —Cq . 1
We can parameterize C, by z = —x + ie where x goes from oo to 1. Thus, on C,, we have
alrg(z2 - 1)~ 2,
SO
\/zz— 1~ —\/xz— 1.
This implies
1
f@)~ = f(X).
(—x)(=Vx* - 1)
Thus,

1 [+
lim / f(z)dz=/ f(x)(—dx)=/ f(x)dx =1.
R—00,r—0 foX . 1

The last curve —C, is handled similarly.

9.6 Cauchy principal value

First an example to motivate defining the principal value of an integral. We’ll actually compute the

integral in the next section.
o -
sin(x
I = / (x) dx.
0 X

Example 9.10. Let
This integral is not absolutely convergent, but it is conditionally convergent. Formally, of course,

we mean R
. sin(x
I = lim ( )dx.
R—>o0 0 X

We can proceed as in Example 9.5. First note that sin(x)/x is even, so

r=1 / S
2 ) o X

Next, to avoid the problem that sin(z) goes to infinity in both the upper and lower half-planes we

replace the integrand by %

We’ve changed the problem to computing
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The problems with this integral are caused by the pole at 0. The biggest problem is that the integral
doesn’t converge! The other problem is that when we try to use our usual strategy of choosing a
closed contour we can’t use one that includes z = 0 on the real axis. This is our motivation for
defining principal value. We will come back to this example below.

Definition. Suppose we have a function f(x) that is continuous on the real line except at the point
x1, then we define the Cauchy principal value as

[+ X1—r R
p.V./ f(x)dx=R lim / f)dx + f(x)dx.

—oo,r =0 /g xi+r

Provided the limit converges. You should notice that the intervals around x; and around co are
symmetric. Of course, if the integral
(o)
/ f(x)dx
—0o0

converges, then so does the principal value and they give the same value. We can make the definition
more flexible by including the following cases.

1. If f(x) is continuous on the entire real line then we define the principal value as

oo R
p.V./ f(x)dx = lim / f(x)dx
— R—-o J_p

2. If we have multiple points of discontinuity, x; < x, < x3 < ... < x,, then

o0 X1—r Xy—rp X373 R
p.V./ f(x)dx=lim/ f(x)dx+/ +/ +/ f(x)dx.
—0oo -R Xy+ry Xyt X,+7,

Here the limit is taken as R — oo and each of the r;, — 0.

L ] 1 L ] Z2 [ ]
I 1 T 1 r 1
—-R r1—T1 Ty —1T1 Ty — T2 Tog — T2 R

Intervals of integration for principal value are symmetric around x, and oo

The next example shows that sometimes the principal value converges when the integral itself does
not. The opposite is never true. That is, we have the following theorem.

Theorem 9.11. If f(x) has discontinuities at x; < x, < ... < x,, and / f(x) dx converges then
—0o0

so does p.V./ f(x)dx.
-0

Proof. The proof amounts to understanding the definition of convergence of integrals as limits. The
integral converges means that each of the limits

lim / - 1f(x)dx

R|—>c0,a,-0

R,
Xy—=ay
lim f(x)dx
b;—0,a,-0 x40,
3)
R,
lim f(x)dx.
R,—00,b,—0 x,+b,
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converges. There is no symmetry requirement, i.e. R; and R, are completely independent, as are a,
and b, etc.

The principal value converges means

X1—ry Xo=ry X3—r3 R
lim/ +/ +/ +/ f(x)dx €))
-R xX+ry Xy+ry X+,

converges. Here the limit is taken over all the parameter R — oo, r,, — 0. This limit has symmetry,
e.g. wereplaced both @, and b, in Equation 3 by r| etc. Certainly if the limits in Equation 3 converge
then so do the limits in Equation 4. QED

Example 9.12. Consider both
[S0] 0]
/ 1 dx and p.v./ 1 dx.
—oo X —oo X

The first integral diverges since

—ry 1 R, 1
/ —dx + / —dx =In(r)) — In(R;) + In(R,) — In(r,).
— PR

R, X
This clearly diverges as R, R, - coand ry, r, = 0.

On the other hand the symmetric integral

-r R
/ 1 dx + / % dx = In(r) — In(R) + In(R) — In(r) = 0.

R X
This clearly converges to 0.

We will see that the principal value occurs naturally when we integrate on semicircles around points.
We prepare for this in the next section.

9.7 Integrals over portions of circles

We will need the following theorem in order to combine principal value and the residue theorem.

Theorem 9.13. Suppose f(z) has a simple pole at z,. Let C, be the semicircle y(0) = zy + ret?,
with 0 < 6 < z. Then

lin& f(z)dz = miRes(f, zy) 5)
=0 Jc
Im(z) C.
[
20
Re(2)

Small semicircle of radius r around z,
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Proof. Since we take the limit as r goes to 0, we can assume r is small enough that f(z) has a Laurent
expansion of the punctured disk of radius r centered at z,. That is, since the pole is simple,

b
f(z)= L +ay+a(z—zg)+... forO<|z—2zy <.
zZ— 2z,

Thus,
/ f(z)dz =/ f(zo +re®) rie’ do =/ (byi + agire’ + ajir*e™® + ...) do
C, 0 0

The b, term gives zib;. Clearly all the other terms goto 0 as r = 0. QED.
If the pole is not simple the theorem doesn’t hold and, in fact, the limit does not exist.
The same proof gives a slightly more general theorem.

Theorem 9.14. Suppose f(z) has a simple pole at z,. Let C, be the circular arc y(0) = z, + ret?,
with 6, <0 < 6, + a. Then

lim f(z)dz = aiRes(f, z;)
r—=0 C,

Im(z) C,

20

Re(2)

Small circular arc of radius r around z

Example 9.15. (Return to Example 9.10.) A long time ago we left off Example 9.10 to define
principal value. Let’s now use the principal value to compute

- o Lix
1= p.v./ € dx.
o X

Solution: We use the indented contour shown below. The indentation is the little semicircle the goes
around z = 0. There are no poles inside the contour so the residue theorem implies

eiz
/ —dz=0.
C,—C,+C,+Cr %

Im(z)

2Ri o

o 7"\ o Ree)

7

~R —r o T R
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Next we break the contour into pieces.

eiz -
lim —dz=1.
R—00,r—0 C+C, V4

Theorem 9.2(a) implies
iz
lim | S dz=0.
R— Cq yé

Equation 5 in Theorem 9.13 tells us that

eiz eiz
lim —dz=riRes| —,0 ) = zi
=0 Jc Z Z

r

Combining all this together we have

eiz -
lim —dz=1—-7i=0,
R=00.r=0 Jo —c,+Cy+Cy %

* sin(x)

so I = zi. Thus, looking back at Example 5, where I = / dx, we have
0 X
1 = T
I=-Im(J)==.
pImt =5

There is a subtlety about convergence we alluded to above. That is, I is a genuine (conditionally)
convergent integral, but I only exists as a principal value. However since I is a convergent integral
we know that computing the principle value as we just did is sufficient to give the value of the
convergent integral.

9.8 Fourier transform

Definition. The Fourier transform of a function f(x) is defined by

flw) = / F)e™™ dx

0]

This is often read as ‘ f-hat’.

Theorem. (Fourier inversion formula.) We can recover the original function f(x) with the Fourier
inversion formula

flx) = %/ Fl@)e™ do.
T J-x

So, the Fourier transform converts a function of x to a function of @ and the Fourier inversion con-
verts it back. Of course, everything above is dependent on the convergence of the various integrals.

Proof. We will not give the proof here. (We may get to it later in the course.)

Example 9.16. Let
e ¥ fort>0
1) = s
A {O fort <0

where a > 0. Compute f (w) and verify the Fourier inversion formula in this case.
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Solution: Computing fA is easy: Fora > 0

flw) = / fHe " dt = / e Ye TV gt = 1_ (recall a > 0).
—00 0

a+iw

We should first note that the inversion integral converges. To avoid distraction we show this at the
end of this example.

Now, let

Z) =
8(2) a+tiz

Note that f(a)) = g(w) and |g(2)| < % for large |z|.
z

To verify the inversion formula we consider the cases # > 0 and ¢ < 0 separately. For ¢ > 0 we use
the standard contour.

Im(z) c,
03\’ i(l’l +£L‘2) Cl
— 3 o = Re(z)
Theorem 9.2(a) implies that
lim / g(2)e*dz=0 (6)
X100, Xy)—>00 C1+C2+C3
Clearly
lim / g(z)e’¥ dz = / flw)dw (7
X —00, Xy —>00 c, —o0

The only pole of g(z)e'* is at z = ia, which is in the upper half-plane. So, applying the residue
theorem to the entire closed contour, we get for large x, x,:

. izt
/ g(2)e® dz:2ﬂiRes< - ,ia> =< (8)
C,+Cy+C5+C, atiz I

Combining the three equations 6, 7 and 8, we have

/ flw)dw =27xe™  fort>0

This shows the inversion formula holds for t > 0.
For t < 0 we use the contour

—T Cy x1

> Re(2)

03 —i(.’El -|—(E2) Cl

Im(z)
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Theorem 9.2(b) implies that
lim / g2(2)edz =0
X100 X270 J 1 +Cy+Cy
Clearly

X =00, X300 27T

. 1 izt 1 *
lim — g(z)e*'dz=— fw)dw
Cy 2z —00

Since, there are no poles of g(z)e’* in the lower half-plane, applying the residue theorem to the entire

closed contour, we get for large x;, x,:
K eizt
g(z)e'* dz = —2miRes —,ia | = 0.
C+Cy+C5+C, atiz

i/ fl@dw=0 fort<0
2r J_o

This shows the inversion formula holds for t < 0.

Thus,

Finally, we give the promised argument that the inversion integral converges. By definition

E N . 00 eiwt
/ flwe do = / —dw
o o atio

/ © acos(wt) + w sin(wt) — iw cos(wt) + ia sin(wt) 4
= w
o a? + w?

The terms without a factor of e in the numerator converge absolutely because of the w? in the
denominator. The terms with a factor of @ in the numerator do not converge absolutely. For example,
since

w sin(wt)

a? + w?
decays like 1/w, its integral is not absolutely convergent. However, we claim that the integral does
converge conditionally. That is, both limits

0

R @ sin(wt) w sin(wr)

lim dw and lim do

Rymoo Jo  a? + w? Ri=o [_p a4+ @?
exist and are finite. The key is that, as sin(wt) alternates between positive and negative arches, the
function S 18 decaying monotonically. So, in the integral, the area under each arch adds or
a’+w
subtracts less than the arch before. This means that as R, (or R,) grows the total area under the
curve oscillates with a decaying amplitude around some limiting value.

Total area oscillates with a decaying amplitude.
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9.9 Solving DEs using the Fourier transform

Let
_d

=
Our goal is to see how to use the Fourier transform to solve differential equations like

P(D)y = f(0).
Here P(D) is a polynomial operator, €.g.
D> +8D +171I.
We first note the following formula:
Df(w) =iof. €))

Proof. This is just integration by parts:
Df(w) = / (e " gt
—0o0
=f®fﬂl—/.ﬂm4m“Wt

=iw / " f(He ™ dt
= iof(®) QED

In the third line we assumed that f* decays so that f(c0) = f(—o0) = 0.

It is a simple extension of Equation 9 to see

(P(D)f)(@) = Piw)f.

We can now use this to solve some differential equations.

Example 9.17. Solve the equation

e ifr>0

/" 8y 7 = =
YO +8y () + 7y = f(t) {0 1<

Solution: In this case, we have
P(D)=D*+8D+71,

SO
P(s)=s>+8s+7=(s+T(s+1).

The DE
P(D)y=f(®)

transforms to
PGiw)y = f.
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Using the Fourier transform of f found in Example 9.16 we have

o f 1
T Pliw)  (a+io)T+io)(l + iw)

Fourier inversion says that

1) = - / " e do

27 J_o

As always, we want to extend y to be function of a complex variable z. Let’s call it g(z):

1
(a+iz)T+iz)(1 +iz)

g(z) =

Now we can proceed exactly as in Example 9.16. We know |g(z)| < M /|z|? for some constant M.
Thus, the conditions of Theorem 9.2 are easily met. So, just as in Example 9.16, we have:

For ¢t > 0, ¢'* is bounded in the upper half-plane, so we use the contour below on the left.

y(t) = L/ P(@)e ™ dw = 1 lim / g(z)e* dz
_ C,

2w 0 JT X|—00, Xy)—>00

1 . ;
=— lim g(z)edz
27 x =00, =00 C+Cy+C3+Cy

=i Z residues of e’*'g(z) in the upper half-plane

The poles of e¥'g(z) are at

ia, 7i, .
These are all in the upper half-plane. The residues are respectively,

—at =Tt —t

e e e
i(7T-—a)(1—a) i(a=T7)(=6)" i(a—1)6)

Thus, for t > 0 we have

—at =7t —t

o) = e € + e
(T-a)(1-a) (a=7(6) (a-1)6)
— C
Im(z) c, T2 , Ca L Re(s)
03 Z($1 +.TJ2) Cl A Y
Y ES 03 —’L(l’l +£L’2) Cl
o > 2 o Re(z) Tm(2) Cy
Contour fort > 0 Contour fort < 0

More briefly, when ¢ < 0 we use the contour above on the right. We get the exact same string of
equalities except the sum is over the residues of €'*g(z) in the lower half-plane. Since there are no
poles in the lower half-plane, we find that

1) =0
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when ¢ < 0.

Conclusion (reorganizing the signs and order of the terms):

0 fort <0
y([) = e~at et et

T—a(-a © T-a6) — 1-a0) fort > 0.

Note. Because |g(z)| < M /|z|3, we could replace the rectangular contours by semicircles to com-
pute the Fourier inversion integral.

Example 9.18. Consider
e iftr>0
! +vyv= 1) =
Y +y=710 0 ift <O.
Find a solution for 7 > 0.
Solution: We work a little more quickly than in the previous example.

Taking the Fourier transform we get

[l fe 1

o) = i) " T1oar - (a+io)1 —a?)

(In the last expression, we used the known Fourier transform of f.)
As usual, we extend J(w) to a function of z:

1

O arina -2

This has simple poles at
-1, 1, ai.

Since some of the poles are on the real axis, we will need to use an indented contour along the real
axis and use principal value to compute the integral.

The contour is shown below. We assume each of the small indents is a semicircle with radius r. The
big rectangular path from (R, 0) to (—R, 0) is called Cy.

Im(z)

Cr
2Ri N
al
—Cy —Cy
C d C
) ) /)-\ ) X /)-\ ) . Re(c)
-R —1 1 R
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For t > 0 the function e’¥g(z) < M /|z|? in the upper half-plane. Thus, we get the following limits:

Jim . e“g(z)dz =0 (Theorem 9.2(b))
R_)loior’ri_)o A e'“'g(z)dz = miRes(e'“g(z), —1) (Theorem 9.14)
R_)loior’ri_m A e'“'g(z)dz = miRes(e'“g(z), 1) (Theorem 9.14)
RJSTLO S e“'g(z)dz = p.v. /_ : P(1)e'® dt

Putting this together with the residue theorem we have

lim / e“'g(z)dz = p.v. / y()e'® dt — ziRes(e'* g(z), —1) — mi Res(e'* g(z), 1)
R=00.r=0 [, _,+Cy—Cy+C5+Cy —0

= 2xi Res(e'?, ai).

All that’s left is to compute the residues and do some arithmetic. We don’t show the calculations,
but give the results

Res(e'¥g(z), —1) = 2(‘; 5
Res(ei¥'g(z), 1) = —2(;’; 5
Res(e'¥'g(z), ai) = —ﬁ

We get, fort > 0,

y(t) = ip.v. / y(t)e'® dt
2 _

= éRes(eiz’g(z), 1)+ é Res(e'“g(z), 1) + i Res(e'*' g(z), ai)

e % a
=+ % sin() -
14+a2 144 14 a2

cos(1).
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