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Modal solution of driven DT system

rin +1] = Ar[n] + V 'bz[n], yln| = C\T’\_/;r[n] + dx|n]
B &

Because A is diagonal, we get the decoupled scalar equations

rifn 1) =hrifn] + Bozlnl . ylnl = (D &riln) +



Underlying structure of LTI DT state-
space system with L distinct modes




Reachability and Observabillity

T; [n -+ 1] — )\fﬂ“i [n] —+ BZZ‘[TL] y y[n] — (Z fﬂ“@' [TL]) —+ d[n]

fore =1,2,...,L
)

B; =0, the jth mode cannot be excited from the input
i.e., the 7th mode is unreachable

¢ = 0, the kth mode cannot be seen in the output

i.e., the kth mode is unobservable
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Hidden modes

Any modes that are unreachable (3; = 0)
or/and unobservable (§; = 0)

are “hidden” from the input-output transfer function.



/IR + ZSR

Tz[n] = )\ZTZ[H — 1] -+ 5#1}[% — 1]

!

riln| = (A)r;[0] + Z)\,lf_lﬁia:[n — k], n>1
ZSR

!



More directly ...

qn] = Aq[n — 1] + bz[n — 1]

l
— (A" '”’ =1h zln n
q|n| = (Azi:[O] + ;A bzin K, 1

ZSR

(linear jointly in initial state and input sequence)



Similarly for CT systems




Decoupled structure of CT LTl system In
modal coordinates




More generally

q(t):(eAt)q(O)+/O eAba(t T)dr, t 0

N— ——
ZIR —
ZSR
where
t? t2
et :I+At+A2§+A3§+---

= VeMvT!



Key properties of matrix exponential

A.O:I

ieAt _ AeAt _ €AtA
dt

oAt At A(ti+ts2)

— €

but eftefz £ gArTA

unless the two matrices commute



INn the transform domain ...

The matrix extension of

1S
et s (s A)TH
Input-output transfer function:

H(s)=c'(sI A) 'b+d



Reaching a target state from the

origin (e.g., in a 2"9-order system)
q[n + 1] = Aq[n] + bz[n], q[0] =0

b =viBi+ vapo
Reaching a target state in 2 steps:

ql2] = viy1 + Vays
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