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Voltage and time-dependent ion channels are 
the ‘knobs’ that control membrane potential.
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Hodgkin-Huxley model of action potential 
generation

Removed	due	to	copyright	restrictions:	Figure	1a:	The	first	intracellular	
recording	of	an	action	potential,	from	squid	axon.	Häusser,	M.	"The	Hodgkin-
Huxley	theory	of	the	action	potential."	Nature	Neuroscience 3	(2000).

https://www.nature.com/articles/nn1100_1165
https://www.nature.com/articles/nn1100_1165


 Im = INa + IK + IL

 
Im (t)+C dV (t)

dt
= Ie(t)

This is the total membrane ionic current, and it includes the contribution 
from —sodium channels, potassium channels and a ‘leak’ conductance.
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The equation for our HH model neuron is
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Hodgkin-Huxley model of action potential 
generation



Voltage and Time dependence
• Voltage and time-dependent ion channels are the ‘knobs’ that 

control membrane potential.

• H&H studied the properties of K and Na channels in the squid giant 
axon. In particular they wanted to study the voltage and time 
dependence of the K and Na channels.

1mm diameter! Hodgkin and Huxley, 1938
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Image of squid giant axon Ⓒ Kay Cooper and Roger 
Hanlon. Used with permission.

Squid diagram from The CellularScale. 
License CC BY-NC-SA.

Removed	due	to	copyright	restrictions:	Figure	1a:	The	
first	intracellular	recording	of	an	action	potential,	from	
squid	axon.	Häusser,	M.	"The	Hodgkin-Huxley	theory	
of	the	action	potential."	Nature	Neuroscience 3	(2000).

http://cellularscale.blogspot.com/2013/01/how-big-is-giant-squid-giant-axon.html
https://www.nature.com/articles/nn1100_1165
https://www.nature.com/articles/nn1100_1165


Ionic currents
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Removed	due	to	copyright	restrictions:	Figure	2.6	p.	36	In:	Hille,	Bertil.	Ion	Channels	
of	Excitable	Membranes (3rd	Ed.).	2001,	Sinauer /	Oxford	University	Press.



Ionic currents

How do we figure out the contribution of Na and the contribution of K? 

Ionic substitution (e.g. replace NaCl with choline chloride)

K current

Na current

6Annotated	figure	©	Hille,	Bertil.	Ion	Channels	of	Excitable	Membranes (3rd	Ed.).	2001,	Sinauer /	Oxford	University	Press.	All	rights	reserved.	
This	content	is	excluded	from	our	Creative	Commons	license.	For	more	information,	see	https://ocw.mit.edu/help/faq-fair-use/.

ocw.mit.edu/help/faq-fair-use/
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Ionic currents
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Ionic currents
K current Na current
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 INa =GNa (V ) V−ENa( )

GNa (V )

 IK =GK (V ) V−EK( )

GK (V )

Ionic currents (Voltage dependence)
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Ionic currents 
(time and voltage dependence)

GK (V ,t) GNa (V ,t)
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Delayed 
activation

Fast
activation

Annotated	figure	©	Hille,	Bertil.	Ion	Channels	of	Excitable	Membranes (3rd	Ed.).	2001,	Sinauer /	Oxford	University	Press.	All	rights	reserved.	
This	content	is	excluded	from	our	Creative	Commons	license.	For	more	information,	see	https://ocw.mit.edu/help/faq-fair-use/.

ocw.mit.edu/help/faq-fair-use/
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Ion selective pore

Lipid bilayer

Gate

OPEN

Voltage-dependent conductance use voltage sensors
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Vin = 0mV Vout = 0mV



K and Na conductances
We modeled changes in conductance as transitions between ‘closed’ 
and ‘open’ states of ion channels.

 
'closed' αn

βn
   'open'

1− n n

K-conductance
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The activation of both Na and K conductances is 
represented by ‘gating variables’ m and n

Gating variables

Vm (t)  −80
0

time

n(t)  PK (t)= n(t)[ ]4

 n∞(t)

 PNa ∝ m(t)[ ]3

GNa (t)

time

m(t)

 −80
0

 m∞(t)

Vm (t)

K-conductance Na-conductance

14 PNa = m3h
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Sodium channel inactivation
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HH postulated an additional voltage-dependent 
inactivation gate. 
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'closed' αh
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1− h h
τ h
dh
dt

= h∞ − h



Sodium channel inactivation
Dynamics of inactivation are captured by a new gating         

variable ‘h’. GNa (V ,t)
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 PNa = m3h

Annotated	figure	©	Hille,	Bertil.	Ion	Channels	of	Excitable	Membranes
(3rd	Ed.).	2001,	Sinauer /	Oxford	University	Press.	All	rights	reserved.	
This	content	is	excluded	from	our	Creative	Commons	license.	For	more	
information,	see	https://ocw.mit.edu/help/faq-fair-use/.
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Measuring the parameters
How do we measure inactivation and recovery from inactivation?

Membrane potential (mV)
−50 0 50

0

0.5

1  h∞(V )

Vm (t)

 −80mV
 −70
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 +40mV
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1. Hold Vm at different values
2. Let the Na channels inactivate
3. Then measure the Na current!

holding 
potential measurement 

step
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τ h
dh
dt

= h∞ − h



Putting our two Na-channel gating variables together, we get:

Note independence

GNa = GNam
3h

The  sodium conductance is:

INa = GNam
3h(V − ENa )

And the sodium current is:

The sodium conductance

PNa = m
3h

The probability of having a Na channel open is: 

NOT !
But it’s not so 

bad
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Putting it all together!
Start with initial contition at time step t0Vm =V0

Compute τ mem and V∞

Compute: 

n∞(V ) and τ n (V ) m∞(V ) and τ m (V ) h∞(V ) and τ h (V )

m(t) = m(t −1)+ dm
dt

Δtn(t) = n(t −1)+ dn
dt

Δt h(t) = h(t −1)+ dh
dt

Δt

IK = GKn
4 (V − EK ) INa = GNam

3h(V − ENa ) IL = GL (V − EL )

Total membrane current Im = IK + INa + IL

Vm (t) =Vm (t −1)+
dVm
dt

Δt 19
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Spike refractory period
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Spike refractory period due to sodium 
channel inactivation
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Fainting Goats Video from National Geographic

Diseases related to defects
in sodium channel inactivation

23



Hyperkalemic Periodic Paralysis – Hyper PP

Diseases related to defects
in sodium channel inactivation

See Lecture video to view clip
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Structure of Muscle Fiber
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25
Annotated Figure © Kandel, E.R, J.H. Schwartz, and T.M Jessell. Principles of Neural Science 3rd ed. 1991, McGraw-Hill.



Muscle Fiber AP Leads to Ca Release in 
Myofibrils

26
Annotated Figure © Kandel, E.R, J.H. Schwartz, and T.M Jessell. Principles of Neural Science 3rd ed. 1991, McGraw-Hill.



Myotonia and Periodic Paralysis are 
associated with mutations of the Na channel 

(skeletal isoform only)

Diseases related to defects
in sodium channel inactivation

28

Figure	removed	due	to	copyright	restrictions.	See	Figure	2:	Cannon,	S.	"Sodum	Channel	Defects	in	Myotonia	and	
Periodic	Paralysis."	Annu.	Rev.	Neurosci. 19	(1996):141-44.

https://www.annualreviews.org/doi/10.1146/annurev.ne.19.030196.001041
https://www.annualreviews.org/doi/10.1146/annurev.ne.19.030196.001041


Sodium channel mutations

29

wild-type human M1592V mutation

Figure	removed	due	to	copyright	restrictions.	See	Figure	3:	Cannon,	S.	"Sodum	Channel	Defects	in	Myotonia	and	
Periodic	Paralysis."	Annu.	Rev.	Neurosci. 19	(1996):141-44.

https://www.annualreviews.org/doi/10.1146/annurev.ne.19.030196.001041
https://www.annualreviews.org/doi/10.1146/annurev.ne.19.030196.001041
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Diseases related to defects
in sodium channel inactivation
Sea anemone toxin (ATXII, 10uM) partially 

blocks sodium channel inactivation.

Figure	removed	due	to	copyright	restrictions.	See	Figure	5a:	Cannon,	S.	"Sodum	Channel	
Defects	in	Myotonia	and	Periodic	Paralysis."	Annu.	Rev.	Neurosci. 19	(1996):141-64.

Sea	anemone	image	is	in	the	public	domain.	
Source:	heartypanther on	Flickr.

https://www.annualreviews.org/doi/10.1146/annurev.ne.19.030196.001041
https://www.annualreviews.org/doi/10.1146/annurev.ne.19.030196.001041
https://www.flickr.com/photos/benjaminevans/18238611052/


Sea anemone toxin (ATXII) also prolongs 
muscle fiber twitch duration.

Diseases related to defects
in sodium channel inactivation

31

Figure	removed	due	to	copyright	restrictions.	See	Figure	5b:	Cannon,	S.	"Sodum	Channel	
Defects	in	Myotonia	and	Periodic	Paralysis."	Annu.	Rev.	Neurosci. 19	(1996):141-64.

https://www.annualreviews.org/doi/10.1146/annurev.ne.19.030196.001041
https://www.annualreviews.org/doi/10.1146/annurev.ne.19.030196.001041


Sea anemone toxin (ATXII) prolongs spiking 
in muscle fiber.

Diseases related to defects
in sodium channel inactivation

PERSPECTIVESONDISEASE S. Cannon -Chmnel defectsinm.sdedisorders
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Fig.3. Loss ofimsctivation in a smollproportion of Na+ channels is sufficient to cause myotonia (A) Application of
ATX // to rat fast twitch muscle mimics the inactivation defect in hyperka/emic periodic paralysis (see Fig. 2). Unitary
Na+ currents recorded from cell-attached patches close to an inactivate state from which further openings do not occur.
Exposure to IOLL~ ATX // causes inactivation failure with pro/onged openings and multiple reopenings. Disruption of
inactivation produces a persistent NCJ+current with an open probability of about 0.02. (B) ATX //-treated fibers have
myotonic twitch responses.Stimu/us was a single 5-ins shock at 1.5 times threshold intensity. (C) Current injection e/ic-
its a train af myotonic discharges in ATX //-treated muse/e. Note the progressive depolarizing shift follawing each
impulse and the after-depolarization following termination of the stimu/us. (D) Detubu/ation by osmotic shock elimi-
nates the after-discharges and after-depolarization, consistent with the notion that these effects arise from activity-
driven K+accumulation in transverse tubules. Figure taken, with permission, from Ref. 30.

HyperPPmyotubes, and caused a
small persistent Na+current that
was about 5% of the early peak.
Elevated extracellular K+ concen-
trations slightly increasedthe like-
lihood of observing bursts of
reopenings in HyperPPmyotubes.
This effect might contribute to the
episodic nature of the attacks; el-
evatedextracellularK+levelsworsen
the inactivation defect and thereby
provokeweakness.Thesemyotubes
weresubsequentlyshownto contain
the mutation M1592V (Ref. 22).
The functional consequences of

other m-subunit mutations have
been tested by heterologous ex-
pressionin mammaliancellsz3-27.In
all cases, the primarydefect is im-
paired inactivation, which causes
either a persistent current, slowed
decay of the transient current, a
shift in the voltage-dependenceof
inactivation, or some combination
of these effects. These resultsprove
that the missensemutationsarenot
benignpolymorphisms,but, rather,
are sufficient to cause the func-
tional defects observeddirectly in
diseasedmyotubes.
The defects are also consistent

with contemporarymodels of Na+-
channel structure28.Rapid inacti-
vationofNa+channelsis believedto
occur by occlusion of the porewith
an inactivation particle formed by
the cytoplasmic loop that links do-
mains III and IV. Fourof the muta-
tions are within this loop, and six
others lie at the cytoplasmicend of
transmembrane segments S5 or S6
in domains II, III or IV.These latter
sitesmight line the inner mouth of
the pore formedby the S5–S6loop.
Thus,ten of the 14mutationsmight
disruptthe inactivation particle or
its binding site. Two mutations
occur in an Argof S4 in domain IV
(Ref. 29). An alternating sequence
of hydrophobic and basic residues
(Arg or Lys) in the S4 a-helix is
thought to form part of the gating
chargesor voltage sensor for chan-
nel activation. However,these mu-
tations also disrupt inactivation
withoutaffectingactivation,possibly
bymodifyingthe couplingof chan-
nel opening and inactivation25.
Inactivationdefectissuficientto cause
rnyotonia orparalysis
Both anima130and theoretica131

modelshavedemonstratedthat the
inactivationdefectof Na+channels,

the depolarization (Fig. 2B). Bursts of reopeningsdo although quite small, is sufficient to causemyotonia
occur in wild-typechannels, but only veryrarely(per- or paralysis.Ratskeletalmusclewasexposedto ATXII, a

21 Noninactivating behaviorhaps once in 2000 trials) . toxin fromthe seaanemone,to mimic this inactivation
was about 20- to 50-fold more frequent for the defectin HyperPP(Ref.30). Micromolarconcentrations

6 TINSVol. 19, No. 1, 1996

Osmotic shock breaks T-tubules
and eliminates myotonic run

MYOTONIA AND PERIODIC PARALYSIS 157 

a 

cause abnormally large persistent Na currents (in voltageclamp, -5% of the 
initial peak) (Cannon & Strittmatter 1993). Conversely, the Va11589Met mu- 
tation causes a smaller noninactivating Na current (3% of peak) and leads to 
myotonia without significant weakness (Mitrovic et a1 1994). 
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cause abnormally large persistent Na currents (in voltageclamp, -5% of the 
initial peak) (Cannon & Strittmatter 1993). Conversely, the Va11589Met mu- 
tation causes a smaller noninactivating Na current (3% of peak) and leads to 
myotonia without significant weakness (Mitrovic et a1 1994). 
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32Annotated	figure	©	Cannon,	S.	"Sodum	Channel	Defects	in	Myotonia	and	Periodic	Paralysis."	Annu.	Rev.	Neurosci. 19	(1996):141-64.	All	rights	reserved.	
This	content	is	excluded	from	our	Creative	Commons	license.	For	more	information,	see	https://ocw.mit.edu/help/faq-fair-use/.
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Diseases related to defects
in sodium channel inactivation

Hypothesis for how persistent sodium leads to persistent 
muscle activation.
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Diseases related to defects
in sodium channel inactivation

Hypothesis for how persistent sodium leads to persistent 
muscle activation.
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Diseases related to defects
in sodium channel inactivation

Hypothesis for how persistent sodium leads to persistent 
muscle activation.
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Failure of Na to 
inactivate leads to…

… extra spikes!



Diseases related to defects
in sodium channel inactivation

Hypothesis for how persistent sodium leads to persistent 
muscle activation.
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Extra spiking leads 
to…

… accumulation 
of extra K+ ions in 
T-tubules



Diseases related to defects
in sodium channel inactivation

Hypothesis for how persistent sodium leads to persistent 
muscle activation.
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Reconstruction of Myotonia and Paralysis

mammalian muscle at room temperature, and more impor-
tantly, incorporates a T-tubule compartment which signifi-
cantly increases the membrane impedance in comparison to
nerve and which forms a diffusion-limited space for the
activity-driven accumulation of K+. The model is complete
enough to simulate the main features of normal, myotonic,
and paralytic muscle, and yet simplified enough to allow
intuitive insight as to how incomplete inactivation of the
sodium conductance alters the overall behavior. Membrane
potential transients recorded from rat muscle that was ex-
posed to anemone toxin are presented for comparison to the
model responses.

fluid/unit area of surface membrane, I. (mA/cm2), is a combination of the
capacitive, ionic and T-tubular components as shown in Fig. 1.

(1)Im ic + iIonic + It

The T-tubule and extracellular fluid spaces are separated by an access
resistance at the vestibule of the tubule, Ra (150 ohm-cm2 (22)), so that It
may be computed as:

V-V

where V is the potential across the surface membrane, Vt is the potential
difference across the T-tubular membrane. Notice that It is the total current
leaving the T-tubular system/unit area of surface membrane. Substituting
Eq. 2 into Eq. 1 and expressing Ic in terms of the capacitance/unit area of
surface membrane, Cm (1 puF/cm2), yields equation (3) as follows.

THEORY

A two-compartment model for muscle

In the present model, the internal resistivity of the muscle fiber is assumed
to be negligible. This assumption implies that the fiber is space-clamped
such that all points of the sacrolemmal membrane are at the same potential
and action potentials are nonpropagated in space. We think this approxi-
mation is a reasonable starting point since, in a previous model of fibers with
a low chloride conductance by Adrian and Marshall (20), the tendency to
produce myotonic versus normal action potentials did not depend strongly
on propagation parameters (internal resistivity or fiber diameter). Further-
more, this approximation simplifies the membrane equations such that an
intuitive understanding may be retained, and it reduces the computational
task tremendously.
A common feature of myotonia arising from distinctly different channel

defects, either incomplete inactivation of the sodium conductance in
ATX II-treated fibers (17) or a low chloride conductance in the myotonic
goat (21), is a dependence on the integrity of the T-tubule system. Thus a
minimally sufficient model must incorporate both surface and T-tubular
membrane compartments. In the current theory, we will assume that the
T-tubular membrane is space-clamped radially so that the entire T-tubule
attached to a unit area of surface membrane can be modeled as a single
compartment.

The total current passing between the sarcoplasm and the extracellular
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The analogous current balance may be written for the T-tubular membrane.
The specific capacitance/unit area of membrane, Cm, is assumed to be iden-
tical for both the surface and T-tubule membranes. Ionic currents through
voltage-gated channels are included in the T-tubule membrane. Equation 4
describes the current flowing across the total area of T-tubule membrane
attached to 1 cm2 of surface membrane.
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The carat is to explicitly denote current density/unit area of T-tubular mem-
brane for the ionic current. y is the ratio of the T-tubular membrane area/unit
area of surface membrane and equals 4.8 for a fiber with a radius of 40 ,um
(Adrian et al. (23), based on measurements by Peachy (24)).

The ionic currents consist of a leak current with a constant conductance,
a delayed rectifier K+ current and a regenerative Na+ current. The latter two
are approximated by the Hodgkin-Huxley equations which empirically de-
scribe the time and voltage dependence of the open probability for each
channel type. The voltage-gated ion channels in the T-tubule are assumed
to have the same kinetics and conductances as those of the surface
membrane. The density of ion channels, however, is not necessarily the
same for the two membranes. The open-channel I-V relationship for all
channels is assumed to be ohmic. The ionic currents for the surface

surface membrane

FIGURE 1 Equivalent circuit diagram for the
model of the electrical behavior of a muscle fiber.
The voltage and time dependence of the variable
conductances are given by Eqs. 6, 7, 9, and 10.
,y is the ratio of the T-tubular membrane area to
surface membrane area. The qs represent the den-
sity of ion channels in the T-tubular membrane
relative to that of the surface membrane.
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mammalian muscle at room temperature, and more impor-
tantly, incorporates a T-tubule compartment which signifi-
cantly increases the membrane impedance in comparison to
nerve and which forms a diffusion-limited space for the
activity-driven accumulation of K+. The model is complete
enough to simulate the main features of normal, myotonic,
and paralytic muscle, and yet simplified enough to allow
intuitive insight as to how incomplete inactivation of the
sodium conductance alters the overall behavior. Membrane
potential transients recorded from rat muscle that was ex-
posed to anemone toxin are presented for comparison to the
model responses.
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Equivalent circuit model of muscle fiber membrane and T-
tubule.
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Courtesy	of	Elsevier,	Inc.,	https://www.sciencedirect.com.	Used	with	permission.
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Hypothesis for how persistent sodium leads to persistent 
muscle activation.
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Hypothesis for how persistent sodium leads to persistent 
muscle activation.

Muscle fiber membrane

Motor neuron 
synapse

K+

K+

K+

K+

d K[ ]T
dt

= 1
ξ
1
F
IK

ξ = volume of T-tubule

IK = K-current into T-tubule
d K[ ]T
dt

∝ IK

d K[ ]T
dt

= 1
ξF

GK (V − EK )−
K[ ]T − K[ ]o

τK

IK = GK (V − EK )

EK is a function of  [K]T !!

40
F = Faraday constant (C/mol)

= 9.6x104  (C/mol)



Computer model of effects of defective Na-
channel inactivation
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Figure 6 Simulated responses in a model muscle cell with different types of inactivation defect 
for the Na current. (a) To simulate HyperPP (Figure 3). a fraction of the Na current,f, activated 
normally but failed to inactivate. Small persistent Nacurrents (f- 0.02) cause brief runs of myotonic 
discharges. With any larger disruption of inactivation, the discharges decay to a depolarized state 
from which the system is refractory from firing action potentials (f= 0.03). (b) Prolonged trains of 
myotonic discharges occur when Na current inactivation is slowed, and its steady-state voltage 
dependence is shifted in the depolarizing direction. Model parameters were set to simulate the 
defects measured for the Gly1306GIu mutant in Figure 4. (See Cannon et a1 1993 for details of the 
model.) 
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Diseases related to defects
in sodium channel inactivation

Fraction of Na channels that fail to 
inactivate

Failure to inactivate was modeled by 
settting h=1 for a fraction of the 
channels 41

Annotated	figure	©	Cannon,	S.	"Sodum	Channel	Defects	in	Myotonia	and	Periodic	Paralysis."	Annu.	Rev.	Neurosci. 19	(1996):141-64.	All	rights	reserved.	
This	content	is	excluded	from	our	Creative	Commons	license.	For	more	information,	see	https://ocw.mit.edu/help/faq-fair-use/.
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Computer model of effects of defective Na-channel 
inactivation showing transition from myotonia to paralysis

Diseases related to defects
in sodium channel inactivation
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Figure	removed	due	to	copyright	restrictions.	Figue 6:	 Cannon,	S.	"Sodum	Channel	
Defects	in	Myotonia	and	Periodic	Paralysis."	Annu.	Rev.	Neurosci. 19	(1996):141-64.
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